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My presentation will center on a few, bold contens, that | shall try to substantiate
concisely. To begin with, let me say that, in essen shall dispute the validity of a wide-
spread belief, forcefully expressed in the follogvguotation borrowed from ICME V’s report
on mathematical modelling

The ultimate reason for teaching mathematics tdestts, at all educational levels, is that mathersati
is useful in practical and scientific enterprisesdciety.

The following considerations aim to reveal andatgertain extent, to explain the essential
ambiguity in this and similar declarations.

1. On the alleged utility of mathematics
My main contention in this regard can be expressesgly.
1.1. No modern society can livathout mathematics.

1.2. In contradistinction to societies as organibedies, all but a few of their members can
and do live a gentle, contented M&hout any mathematics whatsoever

Certainly both theses require careful explanatibhey seem to refer to the “degree of
presence” of mathematics in society. But to gasigint, one must resort to another, distinct
notion, that of themode of presencef mathematics: mathematics may be present either
explicit form or in implicit form.

2. Explicit (uses of) mathematics

Explicit, or live or visible mathematics, or more precisely @gplicit mode of presencés
what people have in mind when they praise mathesé&r being a necessity of life today.

2.1. Explicit mathematics is the mathematics tlsavisibly handled, used, manipulated in
science (including mathematics), technology, eraging, business, administration.

! Proceedings of ICME 5, Theme Group 6: Applicatiand Modelling, p. 199.



2.2. Explicit uses of mathematics are essentiauio present-day societies, but: 1. they are
generallyconcealed from public view2. in going about their businessost peoplenever
meet with explicit uses of mathematics — save dones arithmetic.

2.3. Accordingly, not only does the word “matherositimean, for most people, explicit
mathematics: it is usually reduced to apply to ¢dméy explicit mathematics that become
normally visible to the layman, i.echool mathematics

2.4. Some mathematics educators claim — withouthrdirect evidence — that “mathematics”
permeates every aspect of life. As a further camsece, in so far as they want school
mathematics to reflect faithfully the mathematidsttee “outer world” as they see it, they
become inveigled into drawing an image of realityfed with explicit mathematics, in order
that reality may conform to the fiction they haweated. Hence the plight of those who
devote their energies to proving that mathemagsgecially in the form of mathematical
modelling, is “at work” in every nook and crannysufciety — a Sisyphean labour and, up to a
point, a wild-goose chase.

3. The social “implicitation” of mathematics into dbjects

If it is true that mathematics pervades present-tiégstern-type societies, it is nevertheless
true in a very different sense. The way in whichthreenatics penetrates our daily life is

unremarkable, even banal. Mathematics in effealsfiits shortest way to every one of us
through “objects” of all kinds, in the form ohplicit mathematics

3.1. Implicit mathematics is formerly explicit mathatics that has become “embodied”,
“crystallized” or “frozen” in objects of all kindss mathematical and non-mathematical,
material and non-material —, for the productionvbich it has been used and “consumed”.

3.2. The amount of implicit mathematics presenarnobjet, i.e. the amount of mathematics
crystallized in it, can be roughly defined as thengotal of the explicit mathematics used in
producing that object, and a fraction of the mathirs (previously) crystallized in the
(material and non-material) “objects” consumechia production of that same objéct

3.3. Accordingly, beyond any object, however compiace, one can invoke, in an infinite
regress, all those fragments of mathematical kndgdeand know-how which have been
passed on from object to object, implicitly and mafen invisibly, in the social production

of, firstly, the object itself, secondly, the olfeconsumed in producing that object, thirdly,
the osbjects consumed in producing the objects ecoeduto produce that object, and so
forth .

3.4. The amount of crystallized mathematics preset given object is exactly what | call
the mathematicajrade (or content ortenor) of the object.

2 Gamblers use some combinatorics: but is not gamlalitrade in its own right?

% In the mathematicians’ sphere, mathematics is irsedder to produce more mathematics; in the eraging
sphere, mathematics is used to produce more kngeladd know-how of a different kind (in electronfos
instance). In the case of school mathematics, madties is neither used nor produced: it is taughtlaarnt.

* The reader who, on reading this statement, isméed even dimly of Marx’s labour theory of valuesige not
to have missed the point!

® This, as one may note, sounds like a typicallyirsive definition. The marxist flavour is again yénsistent:
see for instance Michio MorishimaMarx’s Labour Theorv of ValugCambridge University Press, 1973).



4. Mathematics is here around us

The implicit mode of presence of mathematics ugugdles unnoticed; and such is the state
and status of “mathematics” in the life of most pleo

4.1. The amount oexplicit mathematics used in producing an objectalmost always
negligible

4.2. The amount of mathematics recursively cryigedl in most objects — including the
“necessities of life” s almost always considerableowever negligible may be the amount
of explicit mathematics used at any point in tlseicial production process, it can result in the
end in a considerable amount of mathematics ctigstdlin the “finished product®,

4.3. The degree of presence of a given means dafuption is in no way an intrinsic
characteristic of a given type of object (as defi®y its function and structure), but is
actuallysocially determinegdi.e. determined by the normal process of produactirevalent at

the time.

4.4. Although for example men of the Neolithic Agede stone implements — such as
hammers and axes — which contained no mathemadtit ‘aexactly the same objects with
regard to both structure and function are now fstilifwith crystallized mathematics. Such is
the very reason why mathematics can be said tovbeywhere around us, though in the
unassuming form of dead, frozen mathematics, hidesenthe multitudinous objects of
everyday life.

5. The growing, invisible, silent presence of matimeatics

While the live mathematics incorporated in a fewiabpractices is often called on to speak,
crystallized mathematics tells no tales: it is ribekess an essential component of almost all
things and situations that make up contemporagy lif

5.1. The previous, much too concise account ofsthetion of mathematics in society is by
no means peculiar to mathematics: considering trexatl production of societyone can
equally sensibly apply it to any material or nontenial “means of production” of society, be
it medicine, electricity, or steel, for instance.

5.2. To a certain extent, however, one can as$esgrowing importance and “utility” of
mathematics in modern societies by a simple menaériment: just as we could switch off
electricity to satisfy ourselves that electricity indeed a basic ingredient of developed
societies, without which almost nothing would cong to exist, so also we can imagine that
the “switching off” of mathematics would cause aghevery socially produced thing to fail
to exist — a fact coextensive with modern societies

® That tiny fragments of mathematics can make ujgaifcant whole is a fact that mathematically mixad
people should feel at ease about.

" With the exception of some religious monumentsyimich traces of mathematics have been found, hothb
supposed use of Pythagorean triples: see Barteldre@an der WaerderGzeometry and Algebra in Ancient
Civilizations(Springer-Verfag, Berlin Heidelberg, 1983).



5.3. The degree of presence of implicit mathematicsociety, i.e. the average mathematical
grade or tenor of goods and services made avaitalilee man in the street, has varied over
time: a pervasive, centuries-old trend, linkedhe tlevelopment and formidable growth of
science and technology, has for good or bad rebkuita continuing rise in the mathematical
grade of objects. While for instance the content in ktdanany necessities has dramatically
fallen — think of motor-cars —, the empire of matia¢ics is steadily spreading and keeps
encroaching on domains which until recently hadaied foreign to its influence.

6. The dialectic between implicit and explicit matliematics

Social uses of mathematics lead to a paradoxit#tsdn, which is more often ignored than
analysed: one can say that, while society as a imaxghis more and more mathematised, our
daily life is more and more demathematised.

6.1. The greatest achievement of mathematics, ohiehwis immediately geared to its
intrinsic progress, can paradoxically be seen ia tiever-ending, two-fold process of
(explicit) demathematisingof social practices and (implicit) mathematisingof socially
producedbjectsand techniques.

6.2. This applies equally properly tmathematical practices andmathematical objects:
whereas, for example, multiplication was held incimt Egypt to be a scholarly technique
requiring much skill and intelligence, it has oveme become so simplified — so
“demathematised” — that even young children can peviorm it — a fact so familiar to us
that we usually do not question its meaning andiSagnce.

6.3. The process of mathematisation/demathematmsas in fact the very foundation on
which the social production of mathematical objeetsts: while the mathematicgiade of
mathematical tools steadilgcreasestheir mathematicalalue— that is, the average, socially
determined mathematical labour-time needed to meduem — steadilgecreases

6.4. The process of demathematisation relates, afrse, to the amount of explicit
mathematics, i.e. of mathematical knowledge andikhow, needed to produce or tge®
mathematical objects. As regards implicit matheosatmore and more objects tend to have a
higher mathematical grade, thus becoming more aor@ mathematically powerful

6.5. Both the rise in mathematical grade and thaedese in mathematical value must be
invoked to explain theocial success of mathematibsggh mathematical grades make for the
powerfulness and efficiency of the objects madeilabi@ to us, be they material or non-
material; and lower and lower mathematical valwEnant for theiwide social availability

7. The individual dispensability of mathematics

I shall now take up the question why so few peapéedirectly concemed with (explicit, live)
mathematics; and why the ordinary citizen has ot fa deal with so little mathematics in
his/her ordinary experience of society.

7.1. One cannot overstress the fact that, in aoigegimplification, mathematicians and
“mathematics workers” have constantly resorted t@ @ingle method. This method of
“simplifying” mathematical objects consists in imporating (explicit) mathematics into

8 Possibly for the production of new mathematicgéots.



them, i.e. in turning live mathematics into deagstallized mathematics: any ignoramus can
now do any calculation whatever with his pocketuakitor, and one should no longer worry
even about the niceties of the addition of fracti¢a state of things that, for the time being,
many mathematics educators still resist).

7.2. The explicit and implicit mathematics embodieid any theorem or method (and which
account for their increased powerfulness) are trehematics needed to establish that
theorem or method. But little or no knowledgetlobse mathematics required in order to
use relevantly the (mathematical) tool thus progidme may use, as a mathematical tool, the
theorem of Pythagoras without having any idea ofoae of its various potential proofs.
Obviously, it is a regular outcome of the activafymathematicians, throughout the centuries,
that formerly difficult questions become easy osieaones, and that mathematical tools
which were at first the privilege of experts soooelater become available to novices.

7.3. More generally, the increase in mathematicatlg and decrease in mathematical value,
and the ensuing increase in mathematical powelalaad social availibility of mathematical
objects, are coexistent with yet another, socialgmental characteristic: while the average
mathematical grade of goods and services incredlsesaverage mathematical expertise
required to consume those goods and services $tabatireases

7.4. This continuing line of historical developmamtthe production of society explains why
the average citizen simply does not have to carehmuor very much — about mathematics,
while mathematics is (implicitly) all around us @veryday life: most of the ordinary social
practices in which he or she happens to take pave lbeen deeply demathematised, a
continuing process which has even accelerated dimeeadvent of the microcomputer —
thanks to which so many objects with high mathecaatigrade (and even with high
mathematical added value) are made accessible torthititude”.

8. The cultural fragility of mathematics

Those characteristics which explain the — more ess linvisible — social success of
mathematics also make for theultural fragility.

8.1. Because it is generally concealed from pubbgv, mathematics is scarcely given credit
for what we owe it throughout our daily life. Thecgl effectivenesf mathematics is
essentially co-terminous with its social — and ¢fi@re cultural -nvisibility.

8.2. The social debate on mathematics thus tendsemter onexplicit mathematics, and
obscures the true role and major mode of preseioathematics in society.

8.3. Moreover, the only explicit mathematics thabsinpeople ever come close to — in
contradistinction to, e.g., the case of electrieitig school mathemati¢s.e. mathematics as a
subject-matter to be taught and learnt. That all &ufew people experience explicit
mathematics only under these conditions is a famtthw of note, and the source of many
societal problems for which appropriate solutioresyget wanting.

8.4. Indeed, théeaching of mathematide the many is the way Western-type societies have
tried to make mathematicsulturally visible The historical establishing of mathematics
teaching could in fact be expected both to progideety with the necessary, mathematically
skilled labour, and to achieve, on behalf of matages, cultural recognition and legitimacy.



(Because of its social invisibility, mathematicailbnot manage to survive socially without
this recognition.) The venture, one must admit, i@deen a complete success.

9. The case of the teaching of mathematics

In trying to reconcile society with mathematicse tbentral question to be answered, from
which so many consequences flow, is: why has mattiembeen obstinately taught at the
secondary level (as opposed to the primary andatgrievels), which is undoubtedly the

weak link in our educational systems?

9.1. Certainly the growing empire of science ouee tife of Western societies, from the
seventeenth century onwards, and the ensuing rezeelvér more engineers both civil and
military, do account for the fact thabmethinghad to be done. But many examples — e.g., that
of medicine — show that proper training of the reepl elites could have been started at the
university level. That another, distinct line oftian was decided on suggests that the main
problem attacked was actually of a very differantdk

9.2. Because our societies need mathematics, ledhey are, so to speak, driven by
mathematics, a balance had to be reached, in therespf culture, between society and
mathematics. Society had, in some way or anotbheedognize mathematics as a basic, major
ingredient and driving force of economic and sodalelopment. By inculcating some
mathematics in its children, society thpaid a tribute to its needs to the increasing
(implicit) mathematisation of society —, and ona caasonably doubt whether it will ever be
out of debt in this respect.

9.3. To some degree, the recognition granted ttvenadtics proved misleading. For reasons
still to be elucidated, the teaching of mathematiame to be justified in terms of the so-
called “utility” of mathematics, and this in turna& understooth terms of the individual's
interests— whereas the overaipmmunal interests of sociedg a global village were really at
stake.

9.4. This determined, if | dare say saudtural pathologywhich not only misinterprets social
needs of paramount importance, but may also tak®liton the pupil. The real nature of the
problem facing us gradually faded from sight; adaagly, the solution afforded by the
teaching of mathematics partly lost its intendditieincy.

10. How it all came about

The most essential problem that lastingly confrdhesteaching of mathematics (and, more
generally, the teaching of any subject-matter wd®ater) is the question @k very existence
as a social practicethat is, the “socio-ontological” question.

10.1. Historically, people had to fight hard foethirth of mathematics teaching, and still
have to attend to maintenance problems both coreeeind preventive. One of the main
assignments in this respect is to convince socstya whole that iheedsmathematics
teaching; or rather, that the teaching of mathessasi both necessary and most desirable.

10.2. In seeking to convince society of this vitda, the pressure group that | call the
noosphergi.e. the people who devote time and energy tokthg about the teaching of
mathematics, its present state and its foresedatiles, will try to impose simple views and,



to this end, will propagate what | call apologetical discoursdt should be emphasized that
the apologetics of the noosphere has a very natihematic which, moreover, seems quite
independent of the subject-matter on behalf of Wwhicis proclaimed. In Western and
Western-type societies at least, its recurrenttrakrclaim is that the subject-matter in
question should be taught and learnt, because dmtiety as a whole and its members as
individuals need to master ith order to succeed success being appreciated according to
changing criteria.

10.3. The balance between society’s and the indalid reported needs may be achieved in
many different ways. But in most cases modern sesidhave come to be infused with the
peculiar spirit of what | shall terindividualistic democracyin which nothing can be entirely
good for a given society unless it is presumedaadod also for anyone of its members. In
such a context, those communal needs will tendetaghored, and effectively neglected,
which cannot be made to appear at the same tinteramon, personal needsas needs of
the individual as suchHence the argument, so often resorted to by rmygpapologetics,
according to which mathematics is usétublmost everyone in almost all situations

10.4. Such an astounding privilege has been lgvisestowed upon almost every subject-

matter ever considered for teaching. It is part paudtel of the standard apologetical discourse
that noospherians generally rely on. As often ddnwever, this kind of description wanders

from reality; but, as | have tried to show, it isver more unrealistic and, if | may say so,

ivory-towerish, than in the case of mathematics.

11. What's wrong with the current apologetical disourse

The quotation given earlier is in fact typical tdtements proffered by the noosphere. The so-
called “ultimate reason” offered here as an argunfmmteaching mathematics — its supposed
usefulness “in practical and scientific enterprisessociety” — is typically a noospheric
reason, a reason which mingles two permanent avgklgtrelated distinctive features: the
impregnation of society with mathematics as a medupsoduction, and the average citizen’s
personal relationship to mathematics as a bodyoikedge.

11.1. Pronouncements in the noosphere, in factallystestify to the existence of some
generally adverse set of conditions, of some probleth which the teaching system is
confronted (or is likely to be confronted in theanduture), and which it is the noosphere’s
duty to come to grips with.

11.2. At the same time however, noospherians ysuadind interestedly — miss the point in
such polemical declarations. They often cheerfdlgmiss reality as it is and indulge in the
fallacies of false consciousness. In other womlsoicing such declarations in defence of the
teaching system, they make partially irrelevantaitsggic moves, whose side effects are
generally unexpected.

11.3. As a counter-example to the usual noosplaegement, one might consider the case of
medicine: medicine pervades our daily, “practicdife as well as major “scientific
enterprises” — as the existence of industrial awdrfsic medicine, and the fresh growth of
space and nuclear medicine show. For all thas iat true that medicine is taught “at all
educational levels”.



11.4. More generally, should the utility of a giveabject-matter be taken as a “reason” for
teaching it “at all educational levels”, such as@awould remain, obviously, an altogether
insufficient one: considered as a subjective motiveeems unconvincing, too weak in itself
to act as a compelling force (most modern societeeaot teach medicine at the primary and
secondary levels, although medicine is held to bpapamount importance in most human
activities); regarded as an objective cause, sefficin itself to explain the historical
establishing of the teaching of mathematics, arepk® the case of medicine in mind, one
may wonder why, in this particular instance, likeuses do not produce like effects. The
social utility of a subject-matter is neither tHémate reason for, nor the efficient cause of,
its being taught. This conclusion, in my view, agplto mathematics as to other bodies of
knowledge.

12. Starting all over again

It is up to us, | believe, to reconsider both tihebjem and the solution. It is my opinion also
that in some sense, the noosphere will have tb @tasver again. And it will have to start at
the beginning.

12.1. In choosing to fall back on that besiegedittgy — mathematics at school —, in
pretending that it can serve as an appropriate basgperations from which mathematics
could recover cultural visibility and achieve sdaldegitimacy, in arguing in the face of facts
for the dubious utility of mathematics, the noosehéacks either lucidity or courage —
perhaps both.

12.2. | shall maintain that the teaching of mathireaat the secondary level is nothing but a
means — for which, of course, we have to pay a pigte — to reconcile culturally society
with mathematics regarded as an inescapable sboexd. Our societies may come to accept
the idea that, in studying mathematics (as welhasonal history, the official language of
one’s country, etc.), everyone of us pays his peiscontribution to the community.

12.3. The teaching of mathematics might then take @ew turn. It could keep closer to the
true social role of mathematics and be made to plmore relevant part, that dfpresenting

to the rising generation the way in which explimiathematics is consumed in the production
of society— including the production of that essential comgu of society, mathematics.
Like many other subject-matters taught at schoalthematics education at the primary and
secondary levels should be relevantly defined asileural initiation — one which might
enable all members of society to be in tune with fociety to which they belong, to
understand its most essential workings, and, agdke may be, to take an active part in its
scientific and technological development.

12.4. Such an initiation should result in an awassnof society as a complex whole made up
of many deeply-interrelated components, most omtheardly visible and understandable
from the outside. It should avoid some major pfabdress elemental, not necessarily
elementary, questions, and beware of unrealisaiisra. If it could cast off the sanctified
fallacies that | earlier criticised, the “mathemsatat-work” movement might in this respect
show us the way.



